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8. Complex Numbers

e sums and products

e basic algebraic properties
e complex conjugates

e exponential form

e principal arguments

e roots of complex numbers

e regions in the complex plane
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Introduction

we denote a complex number z by
2=+ jy
where

e xr = Re(z) (real part of 2)

(
Im(z) (imaginary part of z)

* Yy

E

°J
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Sum and Product

consider two complex numbers

21 =T1+JY1, 22 = T2+ JY2

the sum and product of two complex number are defined as:

® 21+ 20 = (21 + x2) + j(y1 + y2)
o 2129 = (T122 — Y1y2) + Jj (Y122 + T1Y2)

example:
(=34+75)(1—=25) =T+ 411

Complex Numbers

addition

multiplication
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Algebraic properties ©

o z; = 29 <= Re(z1) = Re(22) and Im(z1) = Im(25) equality
® 21+ 20 =20+ 21 commutative
o (214 22) + 23 =21+ (22 + 23) associative
o z1(2z0+ 23) = 2129 + 2123 distributive
o —2=—x—JyY addtive inverse
o 21 R N multiplicative inverse

:x2+y2 ”7:1:2+y2
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Complex conjugate and Moduli &

modulus (or absolute value): |z| = /22 + y?

complex conjugate: z =z — jy

® [z122] = |21]|22]
o |21 + 22| < |z1| + |22 triangle inequality
o |21+ 22| = [|z1] — |22]|

® 21+ 22=21+ 2

® Z1R2 = 21 R2

21 21 .
° <> =—, ifzp#0
92 )

e Re(z) =(2+2)/2 and Im(z) = (2 — 2)/2j
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Argument of complex numbers

Imaginary
2=+ Jy x=rcosf, y=rsinf
___________ z =r(cosf + jsinh)
r
r =z
0 Real 0 =tan (y/x) = argz
(called an argument of z)

principal value of arg z denoted by Arg z is the unique 6 such that — 7 < 6 <=
argz = Argz + 2nm, (n=0,£1,£2,...)

example: Arg(—1+j) = %{, arg z — %TW +2nm, n=0,=%1,...
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Polar representation

Euler’s formula &

0

e!? = cos@ + jsinb

a polar representation of z = x + jy (where z # 0) is
z = rel?
where r = |z| and 0 = arg 2
example:
(=1 +j) = V2 I3 /4 — /2 ej(37f/4+2mr)7

(there are infinite numbers of polar forms for —1 + j)

Complex Numbers

n=0,%1,...
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let 21 = 1 €771 and 25 = 7y €992

properties
o 2129 = 11 ¢ (01702)

< r .
o _1 — _1 6.7(91_92)

) ()

o " =1r"el™ o =0+1,...
de Moivre’s formula &

(cosf + jsinf)"™ = cosnb + jsinnb,

Complex Numbers

n=0,+1,+2 ...
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example: prove the following trigonometric identity
cos 30 = cos> 0 — 3 cos O sin’ 0
from de Moivre's formula,

cos 360 + j sin 36 (cos @ + jsin 0)°

= cos° 0 + j3cos?Hsinf — 3cosfsin®h — jsin® 6

and the identity is readily obtained from comparing the real part of both sides

Complex Numbers
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Arguments of products

an argument of the product z1z5 = r172€7(%1192) is given by

arg(z1z2) = arg z1 + arg zo

example: z1 = —-land zo = -1+
arg(z120) = arg(l — j) =T /4, argz + argzo =7+ 3n/4
this result is not always true if arg is replaced by Arg

Arg(z129) = Arg(1l — j) = —n/4, Argz + Argzy =7+ 3n/4

Complex Numbers
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2 more properties of the argument function

o arg(z) = —argz
o arg(l/z) = —argz

o arg(z129) = arg z; + arg z,

(no need to memorize these formulae)
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Roots of complex numbers

an nth root of zg = roe% is a number z = re?? such that 2™ = z,, or
red™? = poel%
note: two nonzero complex numbers
21 =117 and 29 = ree?®
are equal if and only if
ri=1r9 and 61 =05+ 2km

for some k£ =0,4+1,+£2,...
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therefore, the nth roots of zy are

0y + 2km
n

z = ry exp []( )] k=0,%1,%2,...

all of the distinct roots are obtained by

Bo + 2k
cr = o exp [j(0+ W)] k=0,1,....,n—1

%
/
%
I"
%
%
/
/
.
%
/
%
%
/

the roots lie on the circle |z| = /rg and equally spaced every 27 /n rad

Complex Numbers
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when —m < 0y < 7, we say cg is the principal root

example 1: find the n roots of 1 forn =2,3,4 and 5
1=1-exp [j(0+ 2km)], k=0,£1,+£2, ...

the distinct n roots of 1 are

cr = Yo exp [j (—
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example 2: find (—8 — j8v/3)1/4
write 20 = —& — 38\/3 — 16€j(—7f+7r/3) — 166j(_27r/3)

the four roots of zy are

—27/3 + 2k
ck:(l(i)l/4 exp [j( m/3 + W)] k=0,1,2,3

4
Y

CO o 26‘7(_27T/12) — 26_371-/6 o \/§ — J

j(—27r/3—{—27r) . .
r ¢ = 2e 4 — 2¢IT/3 = 1 +j\/§

j(—27r/3—{—47r) . '

ci = 2e 4 —  QeI5T/6 — —\/§+]
j(—27r/3—{—67r) . .

ci = 2e 4 = Qe347/3  — ] —]\/g
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Regions in the Complex Plane

e interior, exterior, boundary points
e open and closed sets

e |oci on the complex plane
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Regions in the complex plane

AY
o an € neighborhood of zj is the set
:,: /“‘I
o {zeCllz— 2| <e}
\\\\\\\\\\ 4 .
>

Definition: a point zj is said to be

e an interior point of a set S if there exists a neighborhood of z; that contains
only points of S

e an exterior point of S when there exists a neighborhood of it containing no
points of S

e a boundary point of S if it is neither an interior nor an exterior point of .S

the boundary of S is the set of all boundary points of S
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examples on the real axis: S; = (0,1), S5 = [0, 1], and S5 = (0, 1]

in real analysis, an € neighborhood of o € R is the set

{reR||x—zo| <e}

e any x € (0,1) is an interior point of S, S, and S3
e any x € (—00,0) U (1,00) is an exterior point of S1, S5 and S3

e 0 and 1 are boundary points of S51,.55 and 53
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examples on the complex plane:

e any point z € C with |z| < 1 is an interior point of A and B

e any point z € C with 1/2 < |z| < 1 is an interior point of C

e any point z € C with |z| > 1 is an exterior point of A and B

e any point z € C with 0 < |z] < 1/2 or |z| > 1 is an exterior point of C
e the circle |z| = 1 is the boundary of A and B

e the union of the circles |z| = 1 and |z| = 1/2 is the boundary of C
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Open and Closed sets

e a set is open if and only if each of its points is an interior point
e a set is closed if it contains all of its boundary points

e the closure of a set S is the closed set consisting of all points in S together
with the boundary of S

e some sets are neither open nor closed

from the examples on page 8-18 and page 8-19,

e S| is open, S5 is closed, S3 is neither open nor closed
e S5 is the closure of S
e A is open, B is closed, C is neither open nor closed

e B is the closure of A
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Connected sets

an open set S is said to be connected if any pair of points z; and z9 in .S can
be joined by a polygonal line that lies entirely in S
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connected set disconnected set

e a nonempty open set that is connected is called a domain

e any neighborhood is a domain

e a domain with some, none, or all of its boundary points is called a region
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Bounded sets

a set .S is said to be bounded if for any point z € §,
12| < M, for some M < oo

otherwise it is unbounded

{z|[Re 2 <0}  {z]61 < arg z < 05}
Y Y Y

bounded unbounded unbounded
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Loci in the complex plane

AY
x
>
z—al=r,aceCreR
z—a|<r,aeCreR
z—al=|z—-10|,a,beC
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