EE202 - EE MATH Il Jitkomut Songsiri

10. Elementary Functions

e exponential function
e logarithmic function
e complex components
e trigonometric function
e hyperbolic functions

e branches for multi-valued functions
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Exponential function

from z = x + jy, an exponential function is defined as

f(z)=e* = e*cosy+ jesiny
Properties &
e f(z) = e is analytic everywhere on C (e* is entire)
o [i(z) =¢
o FTW =¢%", zweC (addition formula)
o [e*| =€ and arg(e*) =y +2nt (n=0,+1,42,...) (so e* # 0)

e if z is pure imaginary, then e* is periodic
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images under f(z) = e*

e images of horizontal lines are rays pointing from the origin

e images of vertical lines are circles centered at the origin
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Logarithmic function

the definition of log function is based on solving

for w where z is any nonzero complex number, and we call w = log 2z

write z = re’®(—m < © < ) and w = u + jv, so we have
e’ =, v=0+42nm
thus the definition of the (multiple-valued) logarithmic function of z is
log z = logr 4 (O + 2nm), (n=0,£1,4+2,...)

if only the principle value of arg z is used (n = 0), then log z is single-valued

Elementary Functions 10-4



the principal value of log z is defined as
Logz =logr + 1 Argz
where = |z| and recall that Arg z is the principal argument of 2z

e Log z is single-valued

e logz=DLogz+ j2nm, (n=0,+1,42,...)

note: when z is complex, one should not jump into the conclusion that
log(e®) = 2 (log is multiple-valued)

instead, if z = x + jy, we should write

log(e®) = log |e*| + j(Arg(e”) + 2nm) = log [e*| + j(y + 2n)
— 2+ j2nm (n=0,4+1,£2,...)
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example: find logz for z=—-1475, 2=1, and z = —1
o if z=—1+j then r = /2 and Arg z = 3m/4
logz =log V2 + j(37/4 +2nxw), (n=0,+1,+2,...)
Log z = log V2 + j3m/4
o if z=1thenr=1and Argz =20
logz =0+ j52nm = j2nm, (n=0,+1,42,...)
Logz =0 (as expected)
e f z=—1thenr=1and Argz=n

logz=1logl+j(m+2nm)=72n+)mr, (n=0,£1,4£2,...)

Logz = jm=j (now we can find log of a negative number)
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Complex exponents

C

let z £ 0 and ¢ be any complex number, the function z¢ is defined via

~C — 6clog z

where log z is the multiple-valued logarithmic function
let © be the principal value of argz and let ¢ = a + jb
26 = eflogz — latib)(log |2 +5(O+20m) () 0 41 49 )
example: find j/
jj — i(logj) _ pi(log14j(m/24+2nm)) _ e—(1/2+2n)7f’ (n=0,+1,+2,

(complex power of a complex can become real numbers)
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more example: the values of j77 are given by

j_j _ e—j(logj) _ e—j(log 14j(m/242mm)) _ 6(1/2—{—2m,)7r7 (m _ 07 :|:1, :|:2, N )

if we multiply the values of j7 by those of 577 we obtain infinitely many values of

2k

e, —oo < k< oo
6—47T 6—27‘(‘ 1 667r
10-0-0 @ @ o—>

thus, the usual algebraic rules do not apply to z¢ when they are multi-valued !

G- G #50=1
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Trigonometric functions

by using Euler’s formula

) T

e’¥ = cosx + jsinz, for any real number x
we can write _ _ _ ,
, e/t —e It e/t 4 e I*
sinx = , : CosST =
279 2

hence, it is natural to define trigonometric functions of a complex

. el* — e I3 el* + eI
Sinz = , , COSz = , tanz =
279 2
1 1
cscCz = —, secz = : cotz =
SIn 2 COS 2
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Properties &

e sin z and cos z are entire functions (since ¢/* and e™7% are entire)

d d | o
o ——sinz=cosz and S_cosz = —sinz (use =e’* = jel?)
e sin(—z) = —sinz and cos(—z) = cos z (sine is odd and cosine is even)
e sin(z + 27) = sinz and sin(z + 7) = —sinz

e cos(z + 2m) = cosz and cos(z + ) = —cos z

e sin(z + m/2) = cosz and sin(z — 7/2) = — cos z

e sin(z + w) = sin z cosw + cos z sinw

e cos(z + w) = cos z cosw — sin z sin w
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Hyperbolic functions

the hyperbolic sine, cosine, and tangent of a complex number are defined as

, e —e * e +e * sinh z
sinh z = SER cosh z = ER tanh z =

cosh z

(as they are with a real variable)

Properties &

e sinh z and cosh z are entire (since e* and e~ % are entire)
e tanh z is analytic in every domain in which cosh z # 0

o d%sinhz = cosh z and d%coshz = sinh 2

° d% tanh 2z = sech®z

Elementary Functions 10-11



Branches for multiple-valued functions

we often need to investigate the differentiability of a function f

Az—0 AZ

what happen if f is multiple-valued (like arg z , 2¢) ?

e have to make sure if the two funtion values tend to the same value in the limit

e have to choose one of the function values in a consistent way

restricting the values of a multiple-valued functions to make it single-valued in
some region is called choosing a branch of the function

a branch of f is any single-valued function F' that is analytic in some domain
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Branches for logarithmic functions
we define the principal branch Log of the lograrithmic function as
Logz = Log |z| + j Arg(z), —7m<Arg(z)<m
where Arg(z) is the principle value of arg(z)

e Log z is single-valued

e Logz is not continuous along the negative real axis (because of Arg z)
Ay

ai z2=—x+je — Argz—o 7 as € — 0

- z2=—xr—j¢ —> Argz— —m ase—0
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a branch cut is portion of curve that is introduced to define a branch F

e points on the branch cut for f are singular points

e the negative real axis is a branch cut for the Log function

e Log z is single-valued and continuous in D = C\(—oc, 0]
D = C\(=0c0,0]

let zgp be any point in D and wy = Log 2y (or zg = €"0)

d . W — W , 1 . 1

—Logzpg= lim —— = lim ——— = lim —
dz z—=z20 2 — 20 z—yzg 220 w—swqy L —*0
w—w w—w

’ 1 1 1 1

— 11m — — —
w—rwy e —e®0 ie’w e®o 20
w—w dz w=wy

(we have used single-valuedness and continuity of the Log function)
Log z is analytic in D
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other branches of log 2

Dy D /

log(z) Log |z| + jarg(z), 0 <arg(z) < 2w

log(z) = Logl|z|+jarg (z), 7T <arg (z)<7+42m

a branch log(z) is analytic everywhere on D
any point that is common to all branch cuts of f is called a branch point

the origin is a branch point of the log function
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example: suppose we have to compute the derivative of
f(z) =log(z* — 1) at point z = j
choose a branch of f which is analytic in a region containing the point
jP—1=-2

the principal branch is not analytic there, so we choose another branch

e.g., choose log(z) = Log|z| 4+ jarg(z), 0 < arg z < 2m; then by chain rule,
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Branches for the complex power

define the principal branch of z¢ to be

eC Log z

where Log z is the principal branch of log z
e since the exponential function is entire, the principal branch of z€ is analytic
in D where Log 2 is analytic

e using the chain rule

c
(ecLogz) _ 6cLogzO C _ C2g _ 028_1
20 20

provided that we use the same branch of z¢ on both sides of the equation

b

(2%2° = 2%1? iff we use the same branch for the complex power on both sides)
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