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Introduction
Recent Research

e Model : 1. Tip mass 2. Motor angle
e Control Law : velocity or its spatial higher derivative feedback.

e Stability Analysis : Spectral growth-determined condition, Energy
Multiplier Method, Frequency domain condition.

The Objective of this work

[1 To understand the properties of the flexible robot arm system.

[1To propose a control law that guarantees the closed-loop stability of
the system.




Mathematic model of Flexible beam

bl Yy

(1)

w(z,t) + ETw™ (z,t) + z6(t) = 0
T+ ETw"(0,t) — Iyf = 0

m [w(z, £+ zé@} — ETw"(l,1)
w(0) = w'(0) = w"(l) =0




Semigroup Theory

Consider an abstract Cauchy problem,

2(t) = Az(t) + Bu(t), t>0 (5)
2(0) = 2 € D(A) (6)

where A is a closed operator with D(A) dense in Z. The solution
of (5)-(6) is,

2(t) = T'(t)zo + /0 T(t — s)u(s)ds (7)
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Characterization of infinitesimal generator
Definition 1 7'(¢) is a contraction semigroup if ||T'(t)|| < 1,Vt >0

Theorem 2 Sufficient conditions for a closed, densely defined operator
on a Hilbert space to be the infinitesimal generator of a C; semigroup
satisfying || T(¢)|| < e are:

Re{Az, 2) < w|z||* Vze D(A) (8)
Rt  =mulell? v NN (9)




Stability

1. T(t) is asymptotically stable if

Tzl =0 if t—>0 , VzeZ

2. T(t) is exponentially stable if there exist M > 1 and w > 0 such
that
IT@) < Me™

3. T(t) is weakly stable if Vx Yy € Z

(Tt)xz,y) =0 , t—
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To prove the asymptotic stability

Theorem 3 Let 7'(¢) be a uniformly bounded semigroup on a Banach
space X with the infinitesimal generator A and

1. 0(A) N iR is countable
]\ O’p(A*) — (Z)

then 7'(¢) is asymptotically stable.




Notation
e 1"(0,1) : Sobolev space order m with norm given by

lulfm = > D%l

0<|a|<m

e HE(0,1) : {ue H*0,1) | u(0) = «/(0) = 0} with norm given by

etz = Il

Result : [ - {2 ~ || - 1




The Closed-Loop System
We apply the control law
7(t) = —EIw"(0,t) + Ky [p (w, ) 5 + mlw(l, t)]

Substitute (10) in (2), the closed-loop equations are:

= %w””(m, e
w0 4) = (0t =t (1 £-—=0

mw(z,t) +mlK [p{w,x) +mlw(l,t)] = BElw" (I, 1)

LIl
DO
NG




Problem formulation AN
)
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Let H = L5(0,[) and consider the Hilbert space
H = H3(0,1) @ Lo(0,1) & C with an inner product

(u,v) = EI (u],v7) g + p {ug, va) i + m {us,vs)¢ (14)

we can write (11)-(13) in the form Z = Az, where

0 I 0
A= —%aa—; —Kzxp{-,z) —Kzml (15)
Bo s dide g i e i

D(A) = {(21, 20, 23) € H(0,0) ® Hj(0,1) & C |
21(0) = 21(0) = 2/() =0, 22(1) = 23}




A generates a () semigroup
Lemma 4

1. A is the invertible and its inverse A~ : H — H is

1 lK({EQ}x—) [p (o1, 2) + miviD] = 7 Jo Sy [, Jog v2(e1)derdadasdes + "0 v
. vy (z)
v1(1)
(16)
where

2. A~ ! is a bounded operator.
3. A is onto.

4. A'is closed.

5.0 € p(A)




Theorem 5 A generates a contraction semigroup.
proof. From the calculation,

Re (Au,u),, = —K |p{ug, &) + milug|” < 0
Re (A*u,u)y, = —K |p(ug, x) + mlug|” <0

The equations (8)-(9) are satisfied with w = 0




Stability Analysis
[1 The spectrum of the infinitesimal generator

[1 Eigenvalue analysis

[] Closed-loop stability




The spectrum of the infinitesimal generator
To prove that the spectrum set consists of only the eigenvalues

Lemma 6 A4 ! is compact.
Proof. By the Sobolev Imbedding and Arzela's theorem, see in paper.

Now we have,
(1A is closed.
[0 € p(A)
O0.A! is compact.
Then apply the following theorem,
Theorem 7 Let A be a closed linear operator with 0 € p(A) and A~}

compact. The spectrum of A consists of only isolated eigenvalues with
finite multiplicity.




The eigenvalues

We will show that all eigenvalues lie in the open LHP. Consider the
eigenvalue problem

Ag(z) = Aj(z) (19)
where A and ¢(z) = [¢1(z) ¢o(x) ¢3}T be an eigenvalue and the

corresponding eigenvector of A.

PA? pK

V@) + B i) = ~EA [ (o, 0) + (D] & (20)
#1(0) = $1(0) = ¢1(1) = 0 (21)

B Kml

V1) = SN [p (61,0) + mii()] + 2N G(l)  (22)




Take the inner product with ¢; on both sides in (20)

(1", ¢1>+ ¢1,¢1> K B2 (0 (1,2) +mi (D)) {w, 61) = 0

since

)\mel —_— Km212

(¢1", 1) = (91, 2) ¢1(1) +

9101 + Nl P + Il |
substitute in (23), we get

X Amlor (D + pllor|*} +AK |p (61, ) + mion ()" + EI||¢"|* = 0
Let A = a + ib, (25) can be split into two equations.

(a® = B¥)(m|g1 (D2 + pllgn|?) + a- K |p {1, 2) +migi (1) + EIl|¢"||* = 0
2ab(m|é1 (1) + pllor]®) + b+ K |p (¢1,2) +midr(1)]* =0

(24)




It can be shown that

[0 (@1, ) +milg (1)

is not equal to zero.

Therefore, from (26), if b = 0 then
a(mler(DF + pllérll*) + a- K |p (¢, 2) + mien(D]" + BI¢"[[* =0

All coefficients of the polynomial a are all positive. Thus a < 0.
From (27), if b # 0 then

K |p(guz) + mign (D]

Al D+ plilD)

Therefore Re(\) < 0.




Closed-Loop Stability

0 o(A) =op(A)

[1 The real part of all eigenvalues are negative.

O o(A) UiR == is countable.

0 op(A*) =0,.(A) =)

[1 A contraction semigroup is uniformly bounded.

[1 From theorem 3, the semigroup is asymptotically stable.




Conclusions

[1Feedback control signal through motor acceleration.

[ The Proposed control law is the sum of the tip deflection and its
linear functional.

[I The infinitesimal generator of the closed-loop system generates a
contractions semigroup.

[1 The spectrum consists of only the eigenvalues.
[JAIl eigenvalues have negative real parts.

[1 The closed-loop system is asymptotically stable.
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